We study the low temperature conductivity of the electron accumulation layer induced by the very strong electric field at the surface of SrTiO3 sample. Due to the strongly nonlinear lattice dielectric response, the three-dimensional density of electrons n(x) in such a layer decays with the distance from the surface x very slowly as n(x) ∝ 1/x 12/7 . We show that when the mobility is limited by the surface scattering the contribution of such a tail to the conductivity diverges at large x because of growing time electrons need to reach the surface. We explore truncation of this divergence by the finite sample width, by the bulk scattering rate, by the back gate voltage, or by the crossover to the bulk linear dielectric response with the dielectric constant κ. As a result we arrive at the anomalously large mobility, which depends not only on the rate of the surface scattering, but also on the physics of truncation. Similar anomalous behavior is found for the Hall factor, the magnetoresistance, and the thermopower.
I. INTRODUCTION
There is growing interest in the investigation of ABO 3 perovskite crystals, which are important for numerous technological applications and show intriguing magnetic, superconducting, and multiferroic properties 1 . Special attention 2,3 is paid to heterostructures involving SrTiO 3 (STO) which is a semiconductor with a band gap E g 3.2 eV 4 and a large dielectric constant κ = 2·10 4 at liquid helium temperatures. STO can be used as a building block for different types of devices, with reasonably large mobility 5,6 .
Many devices are based on the accumulation layer of electrons near a heterojunction interface in a moderately n-type doped STO. For example, one can get an accumulation layer with two-dimensional (2D) concentration N = 3 × 10 14 cm −2 of electrons on the STO side of the GTO/STO heterojunction induced by the electric field resulting from the "polar catastrophe" in GdTiO 3 (GTO)
7 (see Fig. 1 ). The role of GTO can also be played by perovskites LaAlO 3 2,5,6 , NdAlO 3 , LaVO 3 8 , SmTiO 3 , PrAlO 3 , NdGaO 3 9 , LaGaO 3 10 , and LaTiO 3 11 . One can accumulate an electron gas using a field effect [12] [13] [14] . In Refs. 15 and 16 the authors accumulated up to 10 14 cm −2 electrons on the surface of STO using ionic liquid gating. Inside bulk STO δ-doping by large concentrations of donors can be used to introduce two accumulation layers of electrons [17] [18] [19] . Not surprisingly, the potential and electron density depth profiles in such devices have attracted a lot of attention 7, 15, [20] [21] [22] [23] [24] [25] [26] [27] .
In Ref. 28 , authors calculated the three-dimensional (3D) electron density profile n(x) of the accumulation layer with a large 2D density N = ∞ 0 n(x)dx. To account for the nonlinear dielectric response in STO they used the Landau-Ginzburg free energy expansion 29, 30 while they described the degenerate electron gas with the Thomas-Fermi approximation 31 . They arrived at the self-consistent potential ϕ(x)
(1) and the electron concentration
where a is the lattice constant, d is the characteristic decay length of the electron density
Here C 1 , C 2 , C 3 are dimensionless constants of order unity which can be found in Ref. 28 . Note that n(x) has an unusually long tail with a weak 12/7 power law dependence. This form of n(x) seems to be in agreement with experimental data 28 . In this paper we assume that the scattering of electrons is on the surface roughness or on some ions near the interface. Therefore, the scattering rate of electrons in the body of the distribution n(x) is much larger than that of electrons in the tail of n(x) due to the large travel time to the surface of the tail electrons. As a result the tail contribution to different kinetic coefficients diverges. In particular, this leads to the anomalously large mobility, Hall factor, magnetoresistance, and thermopower, which depend on the truncation mechanism of the divergences. Similar anomalies were predicted for silicon MOSFETs at high temperatures 32 . The interplay between contributions from tail and body electrons to kinetic coefficients can be interpreted as the existence of two types of carriers. This option has been widely discussed recently for the data on the linear and nonlinear Hall effect 33 , on the inconsistency between electron concentrations measured by the Hall effect and the Shubnikov-de Haas effect 34 , and on the difference between ac and dc transport results 35 . The paper is organized as follows. In Sec. II, we demonstrate the divergence of the conductivity due to the long tail of n(x) and study its cutoff by several truncating mechanisms. In Sec. III, we do similar analysis for the Hall factor. In Sec. IV, we study the anomalous magnetoresistance and thermopower. In Sec. V, we discuss applicability of our results. We conclude in Sec. VI.
II. CONDUCTIVITY
In Introduction, we described the electron distribution in an accumulation layer induced in STO-based heterointerfaces which has a long tail n(x) ∝ x −12/7 . If we ignore the scattering of electrons by bulk impurities, the low temperature mobility of the accumulation layer in STO is limited by the surface (interface) scattering. Since the time an electron originally at the Fermi level of distance x spends on the journey to the surface is
is the Fermi velocity and m * is the effective electron mass, we get the corresponding relaxation time
where τ s ≡ τ (d) is the surface scattering related relaxation time of electrons in the body of distribution (2). The spatially varying relaxation time τ (x) has to be averaged to calculate the surface conductivity. Usually, in bulk semiconductors when there are different kinds of carriers, e.g., electrons from two bands with the same effective mass m * , the 3D conductivity is e 2 nτ /m * , where n = n 1 + n 2 is the total 3D concentration of different carriers, and the averaged relaxation time is
Here the subscripts refer to the concentrations and relaxation times of the two different carriers. One can generalize Eq. (5) to our case where electrons at different x have different relaxation times and thus behave as if they are different carriers. The total 2D conductivity is then
where similarly to Eq. (5), we have here
Here N is the total 2D concentration of electrons. Below we always understand the averaging . . . in the way of Eq. (7). Using Eqs. (2) and (4), we then obtain
where σ s = N eµ s , µ s = eτ s /m * is the electron mobility in the body of n(x) distribution at x ≤ d. We see that both τ and σ diverge in the limit L → ∞. This is why we had to introduce a finite truncation length L to the electron density tail. It can be specified for several possible truncation mechanisms: i) the finite width of the STO sample, ii) a finite bulk scattering rate, and iii) the nonlinear-linear dielectric response transition. The smallest of these values is to be substituted into Eq. (8) .
Finite sample width W -For a sample with a relatively small width W , for example, GTO/STO/GTO structures with the STO layer of width W , the resulting conductivity is
with L in Eq. (8) substituted by W d. The expression of the relaxation time τ s depends on the surface scattering mechanism.
Bulk scattering -Let us now consider the large W case and assume that the bulk relaxation time τ b does not depend on the electron concentration 37 . (We justify this assumption in Sec. V.) Assuming that τ b τ s we can find such a distance x = L 1 that the relaxation time Eq. (4) due to surface scattering and τ b are equal
This gives
At x L 1 , the total relaxation time τ
where
is the electron mobility due to bulk impurity scattering. This gives the final value of σ only for relatively large samples when the width W > L 1 and σ obtained from Eq. (12) is smaller than Eq. (9) . A remarkable feature of Eq. (12) is that the final mobility depends on both the surface and the bulk scattering and is close to the geometrical average [µ b µ s ] 1/2 . Crossover to linear dielectric response -The electric field of the accumulation layer decays with x as 1/x 15/7 and eventually becomes so small that the dielectric response of STO becomes linear with the large dielectric constant κ. According to Ref. 28 , this happens when x reaches
where C 4 is of order unity 28 . At x L 2 , the 3D electron concentration is
where C 5 ≈ 442 and the conductivity converges for this density profile. This means that at L 2 W, L 1 , we can get the conductivity substituting L 2 for L in Eq. (8) . As a result,
In this case, of course, in its range of validity Eq. (15) gives a smaller σ than both Eqs. (9) and (12).
III. HALL FACTOR
In this section we discuss effects of a weak magnetic field B on the conductivity tensor: the Hall effect. It is known that the 3D Hall constant is r H /nec, where the Hall factor according to Ref. 36 is
for two kinds of carriers with the same effective mass but different relaxation times labeled by subscripts 1, 2. So again, we can generalize this result to our case where electrons at different positions play the role of carriers with different τ . The Hall factor is then
where the averaging is weighed by the electron 2D concentration ratio dx n(x)/N following the form of Eq. (7). Using Eq. (4) one can see that when τ diverges τ 2 diverges even stronger. Therefore below we deal with the truncation of both divergences.
For relatively thin STO samples where W L 1 , L 2 and L 1 , L 2 are given respectively by Eqs. (11) and (13), both divergences of τ 2 and τ are cut by W . According to Eq. (4), we get
so the Hall factor is
When the STO sample width is larger, i.e., W L 1 , the bulk scattering becomes important before the electron density vanishes. From Sec. II, we know that τ stops diverging at this point. Meanwhile, due to the constant relaxation time τ b at x > L 1 , τ 2 also stops diverging, so we arrive at
with L 1 here playing the role of W in Eq. (19) . This result is valid only when the dielectric response is nonlinear at all
L 1 , W , the divergence of τ stops at x = L 2 but τ 2 continues diverging even after this point where n(x) crosses over to ∝ 1/x 6 . Indeed, in this case instead of Eq. (4) we get
To truncate this new divergence we should use the finite sample width W or the bulk scattering to obtain L. However, one should note that the position where the bulk scattering dominates changes from L 1 to L 1 now due to the new dependence of τ (x) Eq. (21) 
At L 2 L 1 W , we have
and
with W substituting for L 1 in Eq. (24) . Obviously, Eqs. (19) , (20), (24), and (25) 
This is the truncation length of the electron density tail by the magnetic field. The resulting Hall factor for
For simplicity we skip analysis of intermediate magnetic fields where some of other truncation lengths are smaller than L 3 .
IV. MAGNETORESISTANCE AND THERMOPOWER
Magnetoresistance -When a weak magnetic field B is applied normal to the interface, the resistivity ρ of the accumulation layer changes by ∆ρ = ρ(B) − ρ(0) where ρ(B) is the magnetoresistance. According to Ref. 36 the magnetoresistance ratio at small B is
We can repeat previous analysis for the magnetoresistance and summarize the final results in Table. I.
Thermopower -Another important property of the system is its thermopower S which is the ratio of the induced electric field to the temperature gradient 
where k B is the Boltzmann constant, T is the temperature. Here τ /n 2/3 is strongly divergent and only at x > L 1 (L 1 ), L 2 or x > W can it stops diverging. The results are shown in Table. I.
V. DISCUSSION
Relaxation time approximation -Although all the scaling derivations of transport properties of the accumulation layer in STO in previous sections were based on the relaxation time approximation, they can be justified by solving the Bolzmann kinetic equation. As we demonstrated above, these transport properties are dominated by a small fraction of the tail electrons. In this case, the collision term in the Boltzmann equation is dominated by the relaxation of this particular small fraction of electrons and therefore can be reduced to the relaxation time approximation.
Fermi level in the bulk of STO -For simplicity we assumed that the bulk of STO is only lightly doped by donors so that the Fermi level in the bulk STO coincides with the conduction band bottom and the electron concentration tends to zero at large x according to Eq. (2). In this case, at T = 0 the bulk of STO is insulating and does not contribute to the surface conductivity. Actually STO crystals as grown are believed to be strongly compensated 38 so that the Fermi level is in the STO band gap. This does not affect the accumulation layer structure because the conduction band bottom acquires its bulk position only at the distance comparable with the screening radius of thermally activated electrons which is exponentially large at low temperatures. When the bulk of STO has excessive acceptors with small concentration n A so that our accumulation layer becomes the inversion layer, even though the width of the hole depletion layer is very large, its total surface charge is much smaller than the electron surface charge N . In this case, acceptors do not affect the electron distribution n(x) and all our results above are valid 39 . Effect of back gate -If an STO sample with width W has a back gate, one can apply to it a voltage V . When V < 0 and |V | is large enough, the back gate induced electric field E = −V /W can squeeze the electron gas truncating the tail at a new distance X m (|V |) W . To find X m (|V |), we match electric fields at this point, i.e., E(X m ) = −dϕ/dx = −V /W . Using Eq. (1) 
Applicability of Thomas-Fermi approach -All our results are based on Eq. (2) for the electron density distribution, which was derived in the Thomas-Fermi (TF) approximation. Here we discuss the applicability of such an approximation. The TF approximation works if the potential varies at distances much larger than the electron wave length, or more exactly, when the TF parameter k F x 1. We showed 28 that k F d 3 even at the very large N = 0.5 a −2 achieved in the GTO/STO heterostructure. Generally speaking at x d, where k F ∼ n(x) 1/3 ∼ a −3/7 x −4/7 we get that the TF parameter k F x ∼ (x/a) 3/7 1 and grows with x. It reaches its maximum value κ 3/10 at x = L 2 , where the crossover to the linear dielectric response happens. At x > L 2 Eq. (14) gives k F ∝ 1/x 2 so that the TF parameter k F x decreases as 1/x and at x = a B becomes of the order of 1. Here a B = 2 κ/m * e 2 is the Bohr radius in STO. The accumulation layer terminates at x = a B so that a B is another truncation length, which we have not considered in Secs. II, III, and IV because in STO a B ∼ 1000 nm is larger than all other truncation lengths. Thus, the use of the TF approach is well justified.
Bulk relaxation time -In compensated STO at low temperatures electrons are scattered by charged donors and acceptors with total concentration n i ∼ 5 × 10 18 cm −3 . We assumed above that the resulting bulk relaxation time τ b does not depend on the electron concentration n. We can justify this assumption by appealing to experimental data summarized in Ref. 38 and 40 . It was shown there that in STO samples intentionally heavily doped by Nb donors at the level of 10 18 < n < 4 × 10 20 cm −3 on the top of existing n i donor and acceptors their 3D conductivity weakly depends on the 3D electron concentration of electrons n. This indicates that τ b ∝ n −1 when the scattering happens on donors of concentration n. This means that Σv F does not depend on n. Here Σ is the scattering crosssection and v F is the Fermi velocity. Returning to undoped STO samples with n i donor and acceptors as scatterers we see that τ b = (n i Σv F ) −1 does not depend on n.
Surface relaxation time -Above, we have not specified the relaxation time τ s of electrons in the body of the electron distribution (2) due to the surface scattering and the corresponding mobility µ s . They can be limited by scattering on ionized donors and surface roughness. First, let us imagine that the surface has ionized impurities with the 2D concentration N s . The effective bulk concentration of the scattering centers is N s /d. From the experimental data 38,40 , we know that Σv F weakly depends on the electron concentration n, which leads to the mobility
There are many reasons for the existence of charged impurities near the surface. For example, it is believed, that the interface LaAlO 3 /SrTiO 3 has a large number of charged impurities with the 2D concentration N s and the electron surface concentration N = N s due to redistribution of ions near the interface 41 . Also, due to the discreteness of ions the gating of STO by ionic liquid is equivalent to the introduction of random Coulomb centers near the surface of STO as was shown in the case of Si 42, 43 . At even larger concentration the mobility is limited by the surface roughness. We considered this case in details for the accumulation layer without nonlinear dielectric response 44 . We assumed that the scattering occurs on the islands with typical diameter D and height ∼ a. We arrived at that the relaxation time is:
For the nonlinear dielectric response case we get the same result in terms of k F [ n(0) ] 1/3 and d. Now using the relationship between d, k F , and N for the nonlinear dielectric response Eqs. (2) and (3) we arrive to the corresponding mobility:
Beyond isotropic effective mass approximation -In this paper following Ref. 28 we assumed that the electron spectrum at the bottom of the conduction band of STO can be approximated by the single isotropic band with the effective mass m * . Actually, near the conduction band bottom of STO are three degenerate bands formed by xy, xz and yz Ti d-orbitals, which are anisotropic with the heavy mass direction along the z, y, and x axes, respectively. The splitting of these bands by the spin-orbit interaction 45 can be ignored at relatively large electron concentrations 10 19 < n < 10 22 cm −3 which we are interested in for accumulation layers with very large surface concentration N . Indeed, at electron concentrations larger than 10 19 cm −3 , all energy bands are almost equally occupied so that the effective mass measured by the specific heat m * 1.8 m 46 does not change with n. One should note that m * describes the total density of states of all three bands. Our TF theory of the accumulation layer uses only the density of states. Thus, it is valid to use the effective mass m * when the TF criterion k F x 1 is fulfilled for all bands at all x ≥ d. In this case, our Eq. (2) is justified for both the body and the tail of the n(x) distribution. When N 1/2a 2 the electron distribution n(x) is so wide (d a) that the TF criterion is easily fulfilled for all bands. However, for the largest concentration N = 1/2a 2 , where d becomes comparable with the lattice constant the two bands with the light mass along the x axis may only marginally satisfy the TF criterion. Near x = 0, this depletes their contribution to the density of states and reduces the maximum value of n(x). However, in the tail the TF criterion is still valid. Thus, the tail of n(x) which plays the major role in this paper still follows Eq. (2). This conclusion agrees with numerical results for n(x) obtained for N = 1/2a 2 in Refs. 25, 26, 28, and 47.
Beyond STO -Above we dealt with accumulation layers in STO where the linear dielectric constant is very large and and dielectric response is strongly nonlinear.
Our results are directly applicable to the very similar KTaO 3 and CaTiO 3 and to other materials with very large dielectric constant. The similar approach is also applicable to accumulation layers with large concentration of electrons in semiconductors with unremarkable dielectric properties such as Si 42, 43 or ZnO 48 . In such a crystal the dielectric response is linear and the electron concentration at low temperatures behaves as
where d 1 = a B /(N a 2 B ) 1/5 is the new decay length of the electron distribution from the surface, N is the total 2D electron density, a B is the Bohr radius of the semiconductor. In this case, using Eqs. (21) and Eq. (14) we arrive at the converging conductivity. However, the Hall factor, the magnetoresistance, and the thermopower diverge. For a weakly doped uncompensated bulk crystal with large width W where the bulk relaxation time τ b provides a large truncation length, the divergence is cut by the failure of the TF approximation at x = a B similarly to the termination of the standard TF atom electron density. The results for the Hall factor, the magnetoresistance, and the thermopower then are 
where τ s is the surface scattering relaxation time of electrons in the body of electron distribution, eϕ(d) = e 2 /κ 1 a B N a 2 B 4/5 is the depth of the Fermi sea near the surface 28 and κ 1 is the dielectric constant of the semiconductor. In Si and ZnO one can achieve N a 2 B ∼ 5 so that one can see substantial anomalies.
VI. CONCLUSION
In this paper, we have discussed transport properties of electron accumulation layers induced by a very strong electric field on the surface of the STO crystal. Due to the strongly nonlinear dielectric response of STO the electron density in an accumulation layer has a very compact body and a long slowly decaying tail. If in the body electrons are strongly scattered by the surface while in the tail electrons need a long time to reach the surface, the tail electrons run away in the source-drain electric field and produce dominating contributions to many kinetic coefficients. As a result the layer mobility, the Hall factor, the magnetoresistance, and the thermopower become anomalously large and dependent on the width of the STO sample and its bulk relaxation time.
